Received: December 23, 1998, Accepted: March 2, 1999

HYPER VERSION

Grand unified textures for neutrino and quark mixings

Zurab Berezhiani

Università dell’Aquila I-67010 Coppito, L’Aquila, Italy, and Institute of Physics, Georgian Academy of Sciences 380077 Tbilisi, Georgia E-mail: berezhiani@fe.infn.it

Anna Rossi

Università di Padova, and INFN Sezione di Padova, I-35131 Padova, Italy E-mail: arossi@pd.infn.it

Abstract: The atmospheric neutrino data imply large mixing between the ν_μ and ν_τ states, θ_{23} = (45 ± 12)^∘, while the MSW solution to the solar neutrino problem needs very small mixing angle θ_{12} = (2 ± 1)^∘. In the quark sector the situation is rather opposite – the 23 mixing is tiny, θ_{23} ≃ 2^∘, versus reasonable 12 mixing, θ_{12} ≃ 13^∘. We show that such complementary patterns of the quark and leptonic mixings could naturally emerge in the context of the SU(5) grand unification, assuming that the fermion mass matrices have the Fritzsch-like structures but their off-diagonal entries are not necessarily symmetric. Such a picture exhibits a ‘see-saw’ like correspondence between the quark and leptonic mixing patterns so that the smaller the quark mixing angle is, the larger the corresponding leptonic mixing angle becomes. This fact simply follows from the fermion multiplet structure in SU(5). We also discuss a model with horizontal symmetry U(2) in which the discussed pattern of the mass matrices can emerge rather naturally.

Keywords: Solar and Atmospheric Neutrinos, Quark Masses and SM Parameters, GUT, Supersymmetric Standard Model.

Contents

1. Introduction 1

2. Fritzsch-like Y_{d,e} and diagonal Y_{u,ν} in SU(5) 6

3. Give Fritzsch texture a chance also for Y_u and Y_ν 15

4. Discussion and outlook 20

A. Diagonalization of the Yukawa matrices 21

1. Introduction

Signals of neutrino oscillations accumulated during past several years impose strong constraints on the mass and mixing pattern of the three known neutrinos ν_{e,μ,τ} . In particular, the atmospheric neutrino (AN) anomaly, a long-standing discrepancy by almost a factor of 2 between the predicted and observed ν_μ/ν_e ratio of the atmospheric neutrino fluxes, has recently received a strong confirmation from a high statistics experiment by the SuperKamiokande Collaboration [1]. These data indicate that the zenith angle/energy dependence of the atmospheric ν_μ flux is compatible with ν_μ − ν_τ oscillation within the following parameter range:

δm^2_{atm} = (0.5 − 6) × 10^{−3} eV^2, sin^2 2θ_{atm} > 0.82 (1.1)

(the best-fit values are δm^2_{atm} = 2.2 × 10^{−3} eV^2 and sin^2 2θ_{atm} = 1.0), and disfavour the ν_μ − ν_e oscillation as a dominant reason for the AN anomaly.

On the other hand, the solar neutrino (SN) problem, an energy dependent deficit of the solar ν_e fluxes indicated by the solar neutrino experiments cannot be explained by nuclear or astrophysical reasons [2]. The most natural solution is provided by the resonant MSW oscillation [3] of ν_e into ν_μ, ν_τ or their mixture, which requires the following parameter range [4]:

δm^2_{sol} = (3 − 10) × 10^{−6} eV^2, sin^2 2θ_{sol} = (0.1 − 1.5) · 10^{−2} (1.2)

(the best-fit values are δm^2_{sol} = 5 × 10^{−6} eV^2 and sin^2 2θ_{sol} = 6 × 10^{−3}).^1

1The long wavelength Just-so oscillation from the Sun to the Earth [5] provides as good a fit as that of MSW, with the parameter range δm^2_{sol} ∼ 10^{−10} eV^2 and sin^2 2θ_{sol} ∼ 1. However, in this paper we mainly concentrate on the pattern dictated by the MSW solution.

The explanation of the fermion mass and mixing pattern is beyond the capacities of the standard model (SM) and the neutrino case represents a part of the flavour problem. The masses of the charged fermions q_i = (u_i, d_i), u^c_i , d^c_i ; l_i = (ν_i, e_i), e^c_i (i = 1, 2, 3 is a family index) emerge from the Yukawa terms:

ϕ_2u^c_i Y^{ij}_u q_j + ϕ_1d^c_i Y^{ij}_d q_j + ϕ_1e^c_i Y^{ij}_e l_j , (1.3)

where ϕ_{1,2} are the Higgs doublets: ⟨ϕ_{1,2}⟩ = v_{1,2}, (v^2_1 + v^2 )^{1/2} = v_w = 174 GeV and Y_{u,d,e} are general complex 3 × 3 matrices of the coupling constants.^2 In order to identify the physical basis of the fermion mass eigenstates, the Yukawa matrices Y_{u,d,e} and thus the fermion mass matrices should be brought to the diagonal form via the bi-unitary transformations:

U^{′T}_u Y_uU_u = Y^D_u = Diag(Y_u, Y_c, Y_t) , U^{′T}_d Y_dU_d = Y^D_d = Diag(Y_d, Y_s, Y_b) , U^{′T}_e Y_eU_e = Y^D_e = Diag(Y_e, Y_μ, Y_τ ) . (1.4)

Hence, the quark mass eigenstates mix in the charged current ū_iγ^μ(1 + γ_5)V^{ij}_q d_j , and the Cabibbo-Kobayashi-Maskawa (CKM) matrix V_q = U^†_uU_d can be parametrized as [6]:

V_q = V_{ud} V_{us} V_{ub} V_{cd} V_{cs} V_{cb} V_{td} V_{ts} V_{tb} = c_{12}c_{13} s_{12}c_{13} s_{13}e^{−iδ} −s_{12}c_{23} − c_{12}s_{23}s_{13}e^{iδ} c_{12}c_{23} − s_{12}s_{23}s_{13}e^{iδ} s_{23}c_{13} s_{12}s_{23} − c_{12}c_{23}s_{13}e^{iδ} −c_{12}s_{23} − s_{12}c_{23}s_{13}e^{iδ} c_{23}c_{13} , (1.5) where s_{ij} and c_{ij} respectively stand for the sines and cosines of three mixing angles θ_{12}, θ_{23} and θ_{13}, and δ is the CP-violating phase.

As for neutrino masses, they emerge only from the higher order effective operator [7]: ϕ_2ϕ_2 M l_iY^{ij}_ν l_j , Y^{ij}_ν = Y^{ji}_ν , (1.6)

where M ≫ v_w is some cutoff scale and Y_ν is the (symmetric) matrix of the dimensionless coupling constants. Thus, while the charged fermion masses are linear with respect to the weak scale v_w, the neutrino masses are bilinear which makes magnitudes of the latter naturally small.^3 One can go to the neutrino physical basis ν_{1,2,3} by the unitary transformation

U^T_ν Y_ν U_ν = Y^D_ν = Diag(Y_1, Y_2, Y_3) (1.7)

2Rather spontaneously we have chosen our notations as the ones adopted in the supersymmetric SM which in the following will be mentioned simply as SM, while the ordinary standard model, if any, we shall recall as a non-supersymmetric SM. Barring numerical details, all the main arguments put forward in our paper will be valid also for non-supersymmetric case.

3Any known mechanism for the neutrino masses effectively reduces to the operator (1.6) after integrating out the relevant heavy states (e.g. in the ‘seesaw’ mechanism, after integrating out the right-handed Majorana neutrinos with masses ∼ M).

and the mixing matrix Ṽ_l = U^†_e U_ν in the leptonic current ē_iγ^μ(1 + γ_5)V^{ij}_l ν_j can be presented as:

Ṽ_l = V_lP_ν =

V_{e1} V_{e2} V_{e3} V_{μ1} V_{μ2} V_{μ3} V_{τ 1} V_{τ 2} V_{τ 3}

1 0 0 0 e^{iδ2} 0 0 0 e^{iδ3}

, (1.8)

where the first factor V_l can be parametrized in a manner similar to (1.5). It relates the neutrino flavour eigenstates (ν_e, ν_μ, ν_τ ) to the mass eigenstates (ν_1, ν_2, ν_3), and describes the neutrino oscillation phenomena. (Due to the Majorana nature of neutrinos, the matrix Ṽ_l contains two additional phases δ_{2,3}, but these are not relevant for neutrino oscillations). In the following, we distinguish the quark and lepton mixing angles in V_q and V_l by the subscripts ‘q’ and ‘l’, respectively.

The mass spectrum of the quarks and charged leptons is spread over five orders of magnitude, from MeVs to hundreds of GeVs, with a strong inter-family hierarchy [8]:^4

m_t = 163 ± 5 GeV , m_c = 1.1 − 1.4 GeV , m_u = 2 − 7 MeV m_b = 4.1 − 4.4 GeV , m_s = 80 − 230 MeV , m_d = 4 − 12 MeV m_τ = 1.777 GeV , m_μ = 105.7 MeV , m_e = 0.511 MeV (1.9)

and the quark mixing angles are known experimentally with a very good accuracy:^5

θ^q_{23} = (2.3 ± 0.2)^∘ , θ^q_{12} = (12.7 ± 0.1)^∘ , θ^q_{13} = (0.18 ± 0.04)^∘ . (1.10)

As for the neutrinos, information on their masses can be extracted directly from the ranges of δm^2_{atm} and δm^2_{sol} needed for the explanation of the AN and SN anomalies. Barring the less natural possibility that the neutrino mass eigenstates ν_{1,2,3} are strongly degenerate and assuming the mass hierarchy m_3 > m_2 > m_1, these data translate into the following values for neutrino masses:

m_3 = (4.7^{+3.0}_{−2.5}) × 10^{−2} eV , m_2 = (2.2^{+1.0}_{−0.5}) × 10^{−3} eV . (1.11)

Hence, the neutrino mass hierarchy m_3/m_2 ∼ 10−50 is similar to that of the charged leptons or down quarks. However, the magnitudes of the neutrino mixing angles^6

θ^l_{23} = (45 ± 12.5)^∘ , θ^l_{12} = (2.2 ± 1.3)^∘ , θ^l_{13} < (13 − 20)^∘ , (1.12)

are in a dramatic contrast with the corresponding angles (1.10) in the quark mixing. In other words, the AN anomaly points to maximal 23 mixing in leptonic sector versus

4Following the tradition, for the heavy quarks t, b, c, we refer to their running masses respectively at μ = m_{t,b,c}, and for the light quarks u, d, s – at μ = 1 GeV. The quoted value of m_t corresponds to the ‘pole’ mass M_t = 173.8 ± 5.2 GeV [8].

5We find it instructive to present the values of mixing angles in degrees, which correspond to the CKM matrix elements |V_{us}| = 0.221 ± 0.002, |V_{cb}| = 0.040 ± 0.004 and |V_{ub}/V_{cb}| = 0.08 ± 0.02 [8].

6As far as the V_{e3} element is concerned, for δm^2_{atm} > 2 × 10^{−3} eV^2 the limit θ^l_{13} < 13^∘ follows from the CHOOZ experiment [9]. But also for the δm^2_{atm} region not covered by CHOOZ, the recent fits disfavour θ^l_{13} larger than 20^∘ or so [10]. In a whole, θ^l_{13} ≈ 0 provides the best data fit both for AN and SN cases [11].

very small 23 mixing of quarks, and on the contrary, the MSW solution implies a very small 12 lepton mixing angle versus the reasonably large value of the Cabibbo angle.

As said above, the SM does not contain any theoretical input restricting the structure of the matrices Y_{u,d,e} and Y_ν and thus fermion mass hierarchy and mixing pattern remain unexplained. Concerning the neutrinos, also the mass scale M remains a free parameter. One can only conclude that if the maximal constant in Y_ν is order of the top Yukawa constant, Y_3 ∼ Y_t ∼ 1, then the mass value m_3 in (1.11) points to the scale M ∼ 10^{15} GeV, rather close to the grand unified scale. On the other hand, the drastic difference of the neutrino mixing pattern from that of the quarks at first glance suggests that the neutrino mass texture is very special and it indicates no similarity to that of the quarks and charged leptons. During the past years many models have been produced suggesting various exotic input textures for understanding the neutrino mixing pattern (e.g. ref. [12]; for a more generic discussions see refs. [11, 13]. There have been also attempts to obtain the desired pattern in the context of grand unification [14, 15, 16]).

In this paper we show that there is a simple and coherent way of understanding both the quark and neutrino mixing patterns within an unified framework. Our consideration is motivated by the following points. It is tempting to think that the intriguing empiric relations between the masses and mixing angles, such as the well-known formula for the Cabibbo angle s^q_{12} = √ m_d/m_s , are not accidental and the fermion flavour structure is intrinsically connected to the peculiarities of some underlying theory which fully determines, or at least somehow constrains the form of the Yukawa matrices. The ideas of supersymmetry, grand unification and horizontal symmetry may constitute the essential ingredients of flavour physics and can be regarded as the present Modus Operandi for predictive model building (for a review on the fermion mass models see e.g. [17] and references therein).

In particular, relations between the fermion masses and mixing angles can be obtained by considering Yukawa matrix textures with reduced number of free parameters, putting certain elements to zero. For example, one can consider the popular texture suggested by Fritzsch [18], which implies that the fermion mass generation starts from the 3^{rd} family and proceeds to lighter families through the mixing terms:

Y_{u,d,e} = 0 A^′_{u,d,e} 0 A_{u,d,e} 0 B^′_{u,d,e} 0 B_{u,d,e} C_{u,d,e} , (1.13)

where all elements are generically complex and obey the additional condition: |A^′_f | = |A_f | , |B^′_f | = |B_f | ; f = u, d, e . (1.14) This texture could emerge due to horizontal symmetry reasons, and the “symmetricity” property (1.14) can be motivated in the context of the left-right symmetric models [18], or of the U(3)_H horizontal symmetry [19] (see also the discussion in [20]).

This pattern has many striking properties. For example, it nicely links the observed value of the Cabibbo angle, V_{us} ≈ √ m_d/m_s, to the observed size of the CP-violation in the K − K̄ system, moreover that the predicted magnitude |V_{ub}/V_{cb}| ≈ √ m_u/m_c is also in good agreement with experiment. Unfortunately, the Fritzsch texture contains a strong conflict between the small value of V_{cb} and the large top mass and there is no parameter space in which these observables could be reconciled [21].

However, one can consider textures like (1.13) without the symmetricity in the 23 block of Y_d, B^′_d ≠ B_d. Then one could achieve the small magnitude of V_{cb} at the price of taking the parameter b_d = B^′_d/B_d considerably larger than 1.^7 In the present paper we present a simple observation: in the context of the SU(5) grand unified theory such a choice naturally implies that the 23 mixing in the leptonic sector becomes large, and the parameter b_e = B_e/B^′_e increases in parallel with b_d since in SU(5) the Yukawa matrices are related as Y_e = Y^T_d , modulo certain Clebsch factors. Our point can be simply expressed as follows. If the down-quark and charged-lepton matrices had the symmetric Fritzsch texture, then we would have tan θ^d_{23} = (m_s/m_b)^{1/2} and tan θ^e_{23} = (m_μ/m_τ )^{1/2}, which are both unsatisfactory: the former is too big as compared to |V_{cb}|, while the latter is too small for |V_{μ3}|. On the other hand, whenever the symmetricity condition is abandoned, none of these angles can be predicted in terms of mass ratios since their values now depend on the amount of asymmetry between the 23 and 32 entries, i.e. on the factors b_d and b_e. However, in the context of the SU(5) theory there emerges the following product rule:

tan θ^d_{23} tan θ^e_{23} ∼ ( m_μm_s m_τ m_b )_{1/2} . (1.15)

Therefore, if tan θ^d_{23} becomes smaller than (m_s/m_b)^{1/2}, then tan θ^e_{23} should correspondingly increase over (m_μ/m_τ )^{1/2}, and when the former reaches the value |V_{cb}| ≃ 0.05, the latter becomes ∼ 1 (this happens for b_{d,e} ∼ 8). Though these estimates are not precise (the exact expressions will be given in section 2), they qualitatively rather well demonstrate the “seesaw” like correspondence between the quark and lepton mixing angles whenewer their magnitudes are dominated by the rotation angles coming from the down fermions. A similar argument can be applied also to the 12 mixing:

tan θ^d_{12} tan θ^e_{12} ∼ ( m_em_d m_μm_s )_{1/2} , (1.16)

7A particular texture with the maximal asymmetry, B^′_d = C_d, was suggested in ref. [22], and its relevance for small quark mixing angles was pointed out. The fact that in grand unified theories a similar asymmetry could lead to the large neutrino mixing was demonstrated in the SO(10) based models [15].

The relation V_{us} ≃ (m_d/m_s)^{1/2} points that the 12 block of Y_d should be nearly symmetric, and hence we expect that V_{e2} ∼ (m_e/m_μ)^{1/2}. All of these will be discussed in details in the next section.

In principle, reasonable contributions to the mixing angles will emerge if also the upper quark and neutrino couplings, Y_u and Y_ν , have (symmetric) textures like (1.13). In this case the proper fit of the quark and lepton mixing patterns can be achieved for rather moderate asymmetry, b_{d,e} ≥ 2. This possibility is discussed in section 3, where we also consider models with a horizontal symmetry which could provide the natural realization of the suggested texture. Finally, at the end we briefly outline our results and their implications.

2. Fritzsch-like Y_{d,e} and diagonal Y_{u,ν} in SU(5)

In the SU(5) model the quark and lepton states of each family fit into the following multiplets: ¯5_i = (d^c, l)_i, 10_i = (u^c, e^c, q)_i (here and in the following the SU(5) indices are suppressed, and i = 1, 2, 3 is a family index). As for the Higgs doublets ϕ_{1,2}, together with their colour triplet partners T, T̄ they form the representations H = (T, ϕ_2) ∼ 5 and H̄ = (T̄ , ϕ_1) ∼ ¯5. The theory contains also the chiral superfield in the adjoint representation, Φ ∼ 24, which at the scale M_G ∼ 10^{16} GeV breaks the SU(5) symmetry down to SU(3) × SU(2) × U(1).

The Yukawa terms responsible for the fermion masses are the following:

H̄10_iG^{ij} ¯5_j + H10_iG^{ij}_u 10_j + HH M ¯5_iG^{ij}_ν ¯5_j , (2.1)

where the Yukawa constant matrices G_u and G_ν are symmetric due to SU(5) symmetry reasons while the form of G is not constrained. After the SU(5) symmetry breaking these terms reduce to the SM Yukawa couplings (1.3) with

Y_e = G , Y_d = G^T , Y_u = G_u , Y_ν = G_ν . (2.2)

Without loss of generality, the matrices G_u and G_ν can be taken diagonal, so that the weak mixing matrix in both the quark and leptonic sectors is determined by the unitary matrices rotating the left states of the down fermions: V_q = U_d and V_l = U^†_e . On the other hand, since Y_d = Y^T_e , we get that U_d = U^′_e and U_e = U^′_d, so that the rotation angles of the left down quarks (charged leptons) are related to the unphysical angles rotating the right states of the charged leptons (down quarks).^8 Therefore, the smallness of the quark mixing angle θ^q_{23} does not necessarily imply the smallness of the leptonic mixing θ^l_{23} but rather the opposite, it can point to the large value of the latter.

8The latter have no physical significance for the low energy theory (the SM) and could be relevant only for the baryon number violating processes mediated by the SU(5) gauge fields or Higgses/Higgsinos.

Indeed, imagine that in the basis where G_u and G_ν are diagonal:

G_u = Y^D_u =

Y_u 0 0 0 Y_c 0 0 0 Y_t

, G_ν = Y^D_ν =

Y_1 0 0 0 Y_2 0 0 0 Y_3

, (2.3)

the matrix G has a Fritzsch-like form: G = 0 G_{12} 0 G_{21} 0 G_{23} 0 G_{32} G_{33}

. (2.4)

In this case, as we have already remarked, the large value of the leptonic rotation angle is related to the smallness of the corresponding quark angle. However, if the entries of the matrix G are just constants, we would face the well-known problem of the down-quark and charged-lepton degeneracy in the SU(5) symmetry limit: since Y^D_d = Y^D_e , then we have Y_{d,s,b} = Y_{e,μ,τ} . Nevertheless, the Y_b = Y_τ unification is a definite success of the SUSY SU(5) GUT. After accounting for the renormalization running of the Yukawa constants from M_G to lower-energy scales, it provides a nice explanation of the magnitude of the bottom mass and its intimate relation to the large top mass. However, the other predictions Y_s = Y_μ and Y_d = Y_e are wrong: they imply m_s/m_d = m_μ/m_e ≃ 200, an order of magnitude in conflict with the current algebra estimate m_s/m_d ≃ 20.

It is natural, however, to consider that the G^{ij} are in fact operators dependent on the adjoint superfield of SU(5): G_{ij} = G_{ij}(Φ). The latter should be understood as expansion series G_{ij} (Φ) = G^{(0)}_{ij} + G^{(1)}_{ij}^Φ_{Ms} + · · ·, where M_s is some fundamental scale larger than M_G (it can be e.g. the string scale or the scale where some GUT with larger symmetry reduces to SU(5)). In other words, one can assume that the couplings H̄10_iG^{ij}¯5_j contain the effective higher-order operators^Φ_{Ms} H̄10_iG^{(1)}_{ij} ¯5_j etc., just on the same footing as the last term in (2.1). Since in general the operator Φ · H is represented by the tensor product 24 × ¯5 = ¯5 + 45, it can distinguish the corresponding entries in the matrices Y_e and Y_d. Needless to say that in the field theory context such operators can be effectively induced from the renormalizable Lagrangian, by integrating out the additional superheavy states with masses ∼ M_s (so called Frogatt-Nielsen or universal seesaw mechanism [23]), much in the same way as the effective neutrino operator is obtained in the context of the seesaw mechanism by integrating out the heavy right-handed Majorana neutrinos. In addition, the ratio ε = ⟨Φ⟩/M_s can be used as a small parameter for understanding the fermion mass hierarchy.

Therefore, for the charged-lepton and the down-quark Yukawa matrices we get:

Y_e =

0 A^′_e 0 A_e 0 B^′_e 0 B_e C_e

, Y_d =

0 A^′_d 0 A_d 0 B^′_d 0 B_d C_d

, (2.5)

With a proper redefinition of the fermion phases, all the elements in (2.5) can be made real and positive.

As we said above, generically the constants G_{ij} can be functions of the adjoint superfield Φ, so that the tensor product G_{ij} (Φ)H̄ can contain both ¯5 + 45 channels and therefore the corresponding entries between Y_e and Y^T_d should be distinguished by some Clebsch coefficients of SU(5). However, for simplifying our analysis, and for designing more predictive ansatz, we impose some rather natural constraints. In particular, inspired by the success of Y_b ≃ Y_τ unification, we assume that G_{33} is a SU(5) singlet, so that C_d = C_e = G_{33}. Analogously, following another interesting relation Y_dY_s ≃ Y_eY_μ we assume that also G_{12} and G_{21} are SU(5) singlets. Furthermore, motivated by the celebrated formula for the Cabibbo angle s^q_{12} ≃ √ m_d/m_s, we suppose that the matrix G is symmetric in the 12 block, G_{12} = G_{21}. All these imply that C_d = C_e (= C) , A_d = A^′_d = A^′_e = A_e (= A) . (2.6)

Thus only the G_{23}(Φ) and G_{32}(Φ) entries are left unconstrained. They contain nontrivial SU(5) Clebsches breaking the quark and lepton symmetry:

B^′_d = k^′B_e , B_d = kB^′_e , (2.7)

where the coefficients k and k^′ are not necessarily the same, since generically the tensor products G_{23}(Φ) · H̄ and G_{32}(Φ) · H̄ can emerge in different combinations of ¯5 and 45. In addition, these entries are not necessarily symmetric, and we introduce the asymmetry parameters b_e = B_e/B^′_e and b_d = B^′_d/B_d =^{k′}_k b_e. Then, identifying B_e = B and b_e = b, the matrices Y_e and Y_d can be represented as:

Y_e =

0 A 0 A 0^1_b B 0 B C , Y_d =

0 A 0 A 0 k^′B 0^k_b B C

, (2.8)

Therefore, we have an ansatz depending on six parameters, three Yukawa entries A, B, C and three Clebsch factors k, k^′ and b. As far as Y_u and Y_ν are taken diagonal, the patterns of the quark and lepton mixings are completely determined by the form of Y_{d,e}. The Yukawa eigenvalues Y_{e,μ,τ} and Y_{d,s,b} as well as the mixing angles s^q_{12}, s^q_{23}, s^q_{13} and s^l_{12}, s^l_{23}, s^l_{13} can be expressed in terms of the parameters in (2.8) and hence at the GUT scale there should emerge six relations between these physical quantities.

The GUT scale Yukawa constants are linked to the physical fermion masses (1.9) through the renormalization group equations (RGE). For moderate values of tan β = v_2/v_1, one obtains at one-loop (see e.g. [24]):

m_u = Y_uR_uη_uB^3_t v_2 , m_d = Y_dR_dη_dv_1 , m_e = Y_eR_ev_1 , m_c = Y_cR_uη_cB^3_t v_2 , m_s = Y_sR_dη_sv_1 , m_μ = Y_μR_ev_1 , m_t = Y_tR_uB^6_t v_2 , m_b = Y_bR_dη_bB_tv_1 , m_τ = Y_τ R_ev_1 , (2.9) where the factors R_{u,d,e} account for the gauge-coupling induced running from the GUT scale M_G ≃ 10^{16} GeV to the SUSY breaking scale M_S ≃ M_t, and the factors η_f encapsulate the QCD+QED running from M_S down to m_f for f = b, c (or to μ = 1 GeV for the light quarks f = u, d, s). Namely, for α_s(M_Z ) = 0.118 ± 0.005 we have R_u = 3.33 ± 0.07 , R_d = 3.25 ± 0.07 , R_e = 1.49 , η_b = 1.52 ± 0.04 , η_c = 2.02^{+0.16}_{−0.13} , η_{u,d,s} = 2.33^{+0.29}_{−0.21} . (2.10) The factor B_t includes the running

Figure 1: The decreasing solid line is the scaling factor B_t as a function of Y_t for α_s = 0.118 (the sensitivity of B_t with respect to uncertainties in α_s(M_Z ) is very low, around per cent or so). We also show the Y_t dependence of the top pole mass M^{max}_t (at sin β = 1) for α_s = 0.118 ± 0.005.

induced by the large top quark Yukawa constant (Y_t ∼ 1):

B_t = exp [ − 1 16π^2 ∫_{ln MG} ln M_S

Y^2_t (μ)d(ln μ) ] . (2.11) B_t as a function of the GUT scale value Y_t is shown in fig. 1. We see that for Y_t varying from a lower limit Y_t = 0.5 imposed by the top pole-mass value to a perturbativity limit Y_t ≈ 3, the factor B_t decreases from 0.9 to 0.7. As for the CKM mixing angles, their physical values are related to their values at the GUT scale (labelled by superscript G) as follows:^9 s^q_{12} = s^{qG}_{12} , s^q_{23} = s^{qG}_{23} B^{−1}_t , s^q_{13} = s^{qG}_{13} B^{−1}_t . (2.12) Let us now discuss these predictions. Using the formulas given in the Appendix, we readily obtain the modified version of the b − τ Yukawa unification at the GUT scale: C = Y_τ [ 1 − (b_e + b^{−1}_e ) Y_μ − Y_e Y_τ ]_{1/2} = Y_b [ 1 − (b_d + b^{−1}_d ) Y_s − Y_d Y_b ]_{1/2} (2.13)

and also the following relations:

A^2C = Y_eY_μY_τ = Y_dY_sY_b , (2.14)

B_eB^′_e = 1 b B^2 = (Y_μ − Y_e)Y_τ , B_dB^′_d = kk^′ b B^2 = (Y_s − Y_d)Y_b . (2.15) In the following we directly substitute the Yukawa constant ratios with the corre-

9We shall not take into account the analogous RGEs [25] for the neutrino masses and mixing, since the experimental data (1.11) and (1.12) still contain big error bars and such an improvement is not justified. In addition, the RGE effects for the neutrino sector are model dependent: the renormalization of the constants Y_ν depends on the concrete features of the underlying model effectively inducing the d = 5 operator (1.6).

sponding mass ratios when the latter are RGE invariant (cf. (2.9)), e.g. Y_μ/Y_τ = m_μ/m_τ , Y_d/Y_s = m_d/m_s, etc. Then, by dividing the squared eq. (2.13) on eq. (2.15), we obtain: Y_b Y_s − Y_d − (b_d + b^{−1}_d ) = 1 kk^′ [ m_τ m_μ − m_e − (b_e + b^{−1}_e ) ] (2.16)

to be rewritten as Y_s − Y_d Y_b = kk^′ Z^2 m_μ − m_e m_τ ≈ 0.059 kk^′ Z^2 ; Z = √ 1 − [ (b_e + b^{−1}_e ) − kk^′(b_d + b^{−1}_d ) ] m_μ − m_e m_τ . (2.17)

Substituting this expression back into eqs. (2.13) and (2.15) we get: Y_b Y_τ = Z , Y_s − Y_d Y_μ − Y_e = kk^′ Z , (2.18)

Then by the RGE (2.9) we have for the physical masses:

m_b = R_dη_b R_e B_tZm_τ = B_tZ · (5.90 ± 0.30) GeV ,

m_s − m_d = R_dη_d R_e kk^′ Z (m_μ − m_e) = 4kk^′ Z · (133 ± 18) MeV . (2.19)

with uncertainties related to the value of α_s(M_Z ).

Analogously, from eqs. (2.14) we find: m_s m_d + m_d m_s − 2 =

(kk^′)^2 Z ( m_μ m_e + m_e m_μ − 2 ) ≈ 204.7

(kk^′)^2 Z . (2.20)

Therefore, for b_e, b_d varying within an order of magnitude, the value m_s/m_d can vary in the ‘experimental’ range m_s/m_d = 17 − 25, if kk^′ varies between^1_5 −^1_3 .

Let us turn now to the quark and lepton mixing. We parametrize the matrices U_d and U_e as in the appendix A: U_e = O^e_{23}O^e_{13}O^e_{12} and U_d = O^d_{23}O^d_{13}O^d_{12}. Hence, for the angles θ^{e,d}_{23} which rotate the left-handed states we obtain:

tan 2θ^e_{23} = 2 √ b_e √ m_μ − m_e m_τ [ 1 − (b_e + b^{−1}_e )^{mμ−me}_{mτ} ]_{1/2} 1 − 2b_e^{mμ−me}_{mτ} ,

tan 2θ^d_{23} = 2 √ b_d √ Y_s − Y_d Y_b [ 1 − (b_d + b^{−1}_d )^{Ys−Yd}_{Yb} ]_{1/2} 1 − 2b^{−1}_d^{Ys−Yd}_{Yb} , (2.21)

while the right rotation angles θ^{′e,d}_{23} are obtained from these expressions substituting respectively b_e → b^{−1}_e and b_d → b^{−1}_d . For the other angles we have:

tan 2θ^e_{12} = 2 √ a_e √ m_e m_μ [ 1 − (a_e + a^{−1}_e )^{me}_{mμ} ]_{1/2} 1 − 2a_e^{me}_{mμ} ≈ 2 √ c^e_{23} √ m_e m_μ − m_e ≈ 0.140 √ c^e_{23} ,

sin θ^e_{13} = √ a_e s^{′e}_{23} c^{′e}_{23} √m_em_μ m_τ = ( m_em^2_μ b_ec^e_{23}m^3_τ )_{1/2} ≤ 10^{−3} , (2.22) where a_e = c^{′e}_{23}/c^e_{23}, and

tan 2θ^d_{12} = 2 √ a_d √ m_d m_s [ 1 − (a_d + a^{−1}_d )^{md}_{ms} ]_{1/2} 1 − 2a^{−1}_d^{md}_{ms} ≈ 2 √ c^{′d}_{23} √ m_d m_s − m_d , s^d_{13} s^d_{23} = 1 √ a_d s^{′d}_{23} c^{′d}_{23}s^d_{23} √ m_d m_s Y_s Y_b , a_d = c^d_{23} c^{′d}_{23} . (2.23)

As far as Y_u is taken diagonal, the quark mixing is completely determined by the form of Y_d, and hence V_q = U_d. Thus U_d = O^d_{23}O^d_{13}O^d_{12} gives the CKM matrix V_q directly in the standard parametrization (1.5) with δ = π. Therefore, we have θ^q_{ij} = θ^d_{ij} and thus:

|V_{cb}| = c^d_{13}s^d_{23} ≈ s^d_{23} , |V_{us}| = c^d_{13}s^d_{12} ≈ s^d_{12} , |V_{ub}| = s^d_{13} . (2.24)

As for the lepton mixing, the matrix V_l = U^†_e = O^{eT}_{12} O^{eT}_{13} O^{eT}_{23} appears in the parametrization transposed to (1.5). Hence, in standard parametrization the mixing angles read as:

|V_{μ3}| = c^l_{13}s^l_{23} = |c^e_{12}s^e_{23} − s^e_{12}c^e_{23}s^e_{13}| ≈ s^e_{23} , |V_{e2}| = c^l_{13}s^l_{12} = |s^e_{12}c^e_{23} − c^e_{12}s^e_{23}s^e_{13}| ≈ s^e_{12}c^e_{23} , |V_{e3}| = s^l_{13} = |s^e_{12}s^e_{23} + c^e_{12}c^e_{23}s^e_{13}| ≈ s^e_{12}s^e_{23} , (2.25)

Hence, the lepton mixing angles are

Figure 2: The lepton mixing angles V_{e2}, V_{e3} and V_{μ3} as functions of b (solid). The oscillation parameters sin^2 2θ^l_{23} and sin^2 2θ^l_{12} are also shown (dash), and the experimental limits sin^2 2θ^l_{23} > 0.82 and sin^2 2θ^l_{12} < 1.5 · 10^{−2} are delimited by the dotted lines.

expressed in terms of their mass ratios and asymmetry parameter b = b_e.^{10} In the fig. 2 we show the b-dependence of |V_{μ3}|, |V_{e2}| and |V_{e3}|. We also show the curves for the effective oscillation parameters sin^2 2θ_{23} = 4|V_{μ3}|^2(1 − |V_{μ3}|^2) and sin^2 2θ_{12} = 4|V_{e2}|^2(1 − |V_{e2}|^2). We see that for b = 1 the 23 mixing angle (θ^e_{23} = 13.5^∘) is rather small for explaining the AN anomaly, while the 12 mixing (θ^e_{12} = 4.0^∘) is somewhat above the upper limit obtained by the MSW fit of the SN data (cf. eq. (1.12)). However, for larger b, |V_{μ3}| increases roughly as √ b does and becomes maximal around b = 8.4, while |V_{e2}| slowly decreases

10The ‘critical’ value of b when B_e = C is given by the equation 2b + b^{−1} = m_τ (m_μ − m_e)^{−1}, and so b = 8.4.

(roughly as √ c^e_{23}). Thus, the AN bound, sin^2 2θ_{23} > 0.82, requires 5 < b < 12, while the MSW fit for SN data is recovered at b > 7, when sin^2 2θ_{12} drops below 1.5·10^{−2}.^{11} Therefore, the relevant values of b are somewhere between 7 and 12, in which range sin^2 2θ_{12} varies from 1.5 · 10^{−2} to 1.0 · 10^{−2}, and sin θ^l_{13} varies from 0.05 to 0.08, well below the upper bound of eq. (1.12). For example, for the case B_e = C we have b = 8.4, and nearly maximal 23 mixing: V_{μ3} ≈ 0.7, while V_{e2}, V_{e3} ≈ 0.055.

Therefore, we conclude that in the basis where the neutrino masses are diagonal, the pattern of the lepton mixing required by the AN and SN anomalies can be perfectly described if the charged lepton mass matrix has a Fritzsch-like form (2.8) with an asymmetry parameter b = 7 − 12. We also see that in this range θ^l_{13} remains rather small, between (3 − 5)^∘. This range, however, in the case of δm^2_3 close to the upper bound in (1.1), can be of interest for the experimental search of ν_e → ν_τ oscillation in the future CERN Neutrino Factory [27].

As far as the quarks are concerned, from eqs. (2.19)–(2.20) and (2.22)–(2.23) we see that their masses and mixing angles are all expressed in terms of the lepton mass ratios and three Clebsch factors k, k^′ and b. In addition, the physical mass of bottom depends, through the factor B_t, on the top Yukawa constant Y_t at the GUT scale. Notice also that the expression (2.21) defines V_{cb} at the GUT scale, and for obtaining its physical value at lower scales one has to take into account the factor B^{−1}_t , while V_{us} and V_{ub}/V_{cb} are RGE invariant.

One can see that for k ∼ k^′ and large values of b, (b = 7 − 12 as required from the lepton mixing) our ansatz can give a satisfactory explanation also to the down quark mass and mixing pattern. In particular, in fig. 3a we show the dependence of the quark mixing angles on the parameter b = b_e in the case of b_d = b_e, i.e. k = k^′.^{12} The complementary fig. 3b exhibites the b-dependence of the s-quark mass and m_s/m_d ratio. The same figure contains information on the value Y_t needed for the experimental value of the bottom mass. Since for k = k^′, we have Z = [1−0.059(b+b^{−1})(1−k^2)]^{1/2}, this provides a substantial correction to the b−τ Yukawa

11In fact, the value sin^2 2θ_{sol} = 1.5 × 10^{−2} can be considered as acceptable in the context of the solar models with the boron neutrino flux exceeding its ‘standard solar model’ value by a factor 2 or so [26].

12In terms of the Φ-dependent higher order operators this means that the tensor product G_{23}(Φ)· H̄ and G_{32}(Φ) · H̄ project the same mixture of the 5 and 45 Clebsches on 23 and 32 entries. Furthermore, the value k = k^′ = 1/2 for the Clebsch factors can emerge if the effective operators Φ M ¯5H̄10 is induced by the Frogatt-Nielsen mechanism [23] involving the heavy states in 10 + 10 representation, and Φ has the VEV of the form ∝ Diag(0, 0, 0, 1, 1) [28]. This means that Φ is taken as a reducible 1 + 24 representation instead of the pure adjoint. Such a situation should not come up as a surprise if the SU(5) theory is obtained from a theory with higher-symmetry group, say from SO(10) or SU(5) × SU(5). Then the relevant combination contained in the representations 45 (for SO(10)) or (5, 5) (for SU(5) × SU(5)) is indeed 1 + 24. It is worth remarking also, that another similar field Σ ∼ 1 + 24 with a complementary missing VEV structure ⟨Σ⟩ ∝ (1, 1, 1, 0, 0) can be used for the solution of the doublet-triplet splitting problem.

Figure 3: The quark mixing angles (fig 3a) and the down-quark masses (fig. 3b) as functions of b = b_e in the case b_d = b (i.e. k^′ = k). Three different values are considered: k^2 = 1/4 (solid), k^2 = 1/3 (dott) and k^2 = 1/5 (dash). All mixing angles shown in Fig. 3a are evaluated at the GUT scale. In fig. 3b. the strange mass m_s(1 GeV) is shown in units of 100 MeV and the ratio m_s/m_d in units of 20. In fig. 3b we also show iso-contours for m_b = 4.25 GeV in the b − Y_t plane (for α_s = 0.118). In fact, these curves signify the implicit dependence of Y_t on b in the context of the ansatz. The corresponding values of B^{−1}_t needed to rescale s^d_{23} are to be taken from the fig. 1. The effect of the uncertainties in α_s and m_b for Y_t is presented in fig. 3c (for k = k^′ = 1/2). The solid iso-contours correspond to m_b = 4.25 ± 0.15 for α_s = 0.118, and marginal cases m_b = 4.1, α_s = 0.123, and m_b = 4.4, α_s = 0.113 are outlined by the dotted contours.

unification for large b. Therefore, in this situation rather small values Y_t ∼ 0.5 − 1 are needed to obtain the correct physical mass of the bottom.

We observe that indeed k = 1/2 provides the most acceptable description for all these data, in comparison to the cases k^2 = 1/3 or 1/5 which are also shown. Thus, a global inspection of figs. 2 and 3 indicates that this case with b = 7 − 12 offers us a quite realistic picture for the quark and neutrino masses and mixing.

Figure 4: The same as in the fig. 3a and fig. 3b, for k^′ = 1 and k = 1/4 (solid) k = 1/3 (dott) and k = 1/5 (dash). Also here b = b_e (and b_d =^1_k b). In this case the factor Z is close to 1 and thus Y_b = Y_τ , which requires larger values of Y_t, at the margin of the perturbative regime. This is in drastic contrast to what is exhibited in fig. 3b (case k = k^′).

In fig. 4 we show the same for different choice of the Clebsches: k^′ = 1 (b_d = k^{−1}b) and k = 1/3, 1/4 and 1/5. We see that the proper picture of the quark masses and mixing now requires rather small values of b, b = 3 − 4, which is incompatible with the b = 7 − 12 as it is dictated by the neutrino mixing pattern. One can also show that the case with k = 1 (b_d = k^′b) leads to even less realistic picture.

The following remark is in order. Much on the same footing, one could consider also the ansatz when the matrices G_u and G_ν are diagonal, G_u = Y^D_u and G_ν = Y^D_ν , and the matrix G has the form

G = ρY^D_u + A(Φ) , A =

0 A_{12} 0 A_{21} 0 A_{23} 0 A_{32} 0

, (2.26)

with A being a matrix with the Φ-field dependent off-diagonal (complex) entries.^{13} This pattern is reminescent of the once popular texture proposed by Stech, and independently by Chkareuli and one of the authors [30]. However, in these papers the matrix A has been taken antisymmetric, which choice was soon excluded by the experimental data. Committing a minimal modification of the original version of the ansatz [30], one could assume that the 12 block of A remains antisymmetric, A_{12} = −A_{21}, and Φ independent, whereas Φ-dependent entries A_{23} ≠ A_{32} are strongly

13Interestingly, within the same philosophy of taking the relevant terms diagonal between the similar multiplets (¯5’s and 10’s), one could allow also the R-violating couplings λ_{ik} (Φ)¯5_i¯5_i10_k which are diagonal between 5-plets for any k. In this case, the R-violating term λ_{iik} l_id^c_i q_k would emerge in the low energy theory which could also contribute the neutrino masses, while the other two terms lle^c and d^cd^cu^c would vanish by symmetry reasons [29].

asymmetric. The GUT models leading to this ansatz and its complete analysis will be presented elsewhere. It is easy to see that the patterns of the quark and lepton mixing essentially remain the same as in the Fritzsch-like ansatz for G considered above – the presence of the diagonal 22 and 11 entries in G with the hierarchy stepped as Y_u : Y_c : Y_t will lead only to small corrections. However, the CP-violating phase in this case would not vanish.

3. Give Fritzsch texture a chance also for Y_u and Y_ν

In the above we have assumed that the matrix G has a Fritzsch-like texture while G^u and G^ν are diagonal. However, in the context of models in which the form of G is fixed by some underlying horizontal symmetry reasons, it would seem more natural that G^u and G^ν also have a similar form:

G_u =

0 G^u_{12} 0 G^u_{21} 0 G^u_{23} 0 G^u_{32} G^u_{33}

, G_ν =

0 G^ν_{12} 0 G^ν_{12} 0 G^ν_{23} 0 G^ν_{23} G^ν_{33}

, (3.1)

Clearly, if the entries in G_u were SU(5) singlets, this matrix should be symmetric. More generally, for Φ dependent entries, this is not true anymore, since the symmetric contribution can be induced by terms containing the tensor product Φ · H in the 5- channel and the antisymmetric ones by terms containing Φ · H in the 45-channel. As for G_ν , clearly only the symmetric terms are relevant for the neutrino mass matrices. For simplicity, in the next we assume that also G_u is symmetric.

Such a scenario would provide some different features. In the model with diagonal G^u and G^ν we have been forced to take too big an asymmetry between the 23 and 32 entries of G, b_{e,d} <∼ 10. In the case in which also G^u and G^ν have the form (3.1), smaller values of b_{e,d} can suffice since now the mixing angles will be contributed also by the unitary matrices U_u and U_ν : V_q = U^†_uU_d and V_l = U^†_e U_ν . Therefore, for the CKM mixing angles we have: |V_{cb}| = s^q_{23} ≈ | | |s^d_{23} − e^{iφ}s^u_{23} | | | , |V_{us}| = s^q_{12} ≈ | | |s^d_{12} − e^{iδ}s^u_{12} | | | , | | | | V_{ub} V_{cb} | | | | ≈ s^u_{12} , (3.2)

where the phases φ, δ etc are combinations of the independent phases in the Yukawa matrices. The expressions for θ^d_{23} and θ^d_{12} are the same as in (2.21) and (2.23), while θ^u_{23}, θ^u_{12} are the analogous angles diagonalizing Y_u: tan θ^u_{23} = √ Y_c/Y_t and tan θ^u_{12} = √ m_u/m_c. The dependence of θ^d_{23} and θ^d_{12} on the parameter b for the cases k = k^′ and k^′ = 1 can be read out respectively from figs. 3a and 4a, and for small values b the contribution of s^d_{13} in V_{ub}/V_{cb} can be neglected.

Therefore, by varying the phase φ from 0 to π, the value of the 23 mixing angle in the CKM matrix can vary between its minimal and maximal possible values:

θ^{q(∓)}_{23} = θ^d_{23} ∓ θ^u_{23} . (3.3)

Analogously, for the leptonic mixing

Figure 5: The solid isocontours for the top pole-mass correspond to M_t = 174 GeV (upper curve) and M_t = 160 GeV (lower curve). The dotted iso-contours correspond to s^{q(−)}_{23} = 0.08 (upper) and s^{q(−)}_{23} = 0.07 (lower) for the case b_d = 1 (Fritzsch texture). This plot demonstrates that even for the marginal values of quark masses used as input (m_c = 1.5 GeV, m_b = 4.5 GeV, m_s = 100 MeV), the Fritzsch ansatz is completely excluded: the magnitude of |V_{cb}| exceeds its experimental value at least by a factor of 2. On the contrary, the case of b_d = 2 (asymmetric Fritzsch texture [17]) can be accomodated: the dashed curves are isocontours for s^{q(−)}_{23} = 0.044 (upper) and s^{q(−)}_{23} = 0.036 (lower) and they are perfectly compatible with the experimental range of M_t. Let us remark, however, that s^{q(−)}_{23} represents the least possible value of |V_{cb}| (from the destructive interference between s^d_{23} and s^u_{23}), hence for arbitrary phases φ the typical values of |V_{cb}| are larger. Clearly, for larger values of b_d the allowed range for φ becomes also larger.

we have

θ^{l(∓)}_{23} = θ^e_{23} ∓ θ^ν_{23} , (3.4)

where tan θ^ν_{23} = √ m_2/m_3. Thus, for the range of the neutrino masses indicated in (1.11) we obtain θ^ν_{23} = (12.2^{+8.6}_{−3.7})^∘. In case of moderate asymmetry in Y_{d,e}, the entries in (3.3) are big as compared to the experimental value of θ^q_{23} while each of the entries in (3.4) is too small for the magnitude of θ^l_{23} required by the AN oscillation. However, by properly tuning the phases, θ^q_{23} can get close to θ^{q(−)}_{23} = θ^d_{23} − θ^u_{23} while θ^l_{23} can approach θ^{l(+)}_{23} = θ^e_{23} + θ^ν_{23}, In other words, the angles in the quark and lepton sectors could have negative and positive interference, respectively. Therefore, even for smaller values of b_{e,d}, one could achieve a proper fit of the mixing angles.

Nevertheless, it is well known that the case b_{e,d} = 1, corresponding to the original Fritzsch texture, is fully excluded. In this case we have s^d_{23} ≈ √ Y_s/Y_b which implies a sharp conflict between the values of |V_{cb}| and the large top mass M_t. Namely, the fig. 5 shows that for the most conservative bound M_t >160 GeV, even the least possible value θ^{q(−)}_{23} = θ^d_{23}− θ^u_{23} exceeds its experimental range by a factor 2 or so (see the dotted curves).

Neither in the leptonic sector it is possible to fully reproduce the desired pattern (1.12). For b_e = 1 we have tan θ^e_{23} = √ m_μ/m_τ , i.e. θ^e_{23} = 13.6^∘. Therefore, only the maximal value θ^{l(+)}_{23} = θ^e_{23} + θ^ν_{23} can marginally satisfy the lower bound of (1.12).^{14} On the other hand, now the 12 mixing is contributed also by the angle tan θ^ν_{12} = √ m_1/m_2 and therefore the unknown value of m_1 makes invalid the expression for s^l_{12}.

14This possibility was remarked in ref. [31].

However, by taking the matrices Y_{e,d} somewhat asymmetric in the 23 block, the situation can improve significantly. Already the choice b_{e,d} = 2 can suffice (such a possibility was suggested e.g. in ref. [17], where this factor 2 was obtained as a horizontal U(3)_H symmetry breaking Clebsch). In this case we have s^d_{23} ≈ √ (Y_s/2Y_b) and then the value of θ^{q(−)}_{23} = θ^d_{23} − θ^u_{23} can perfectly agree with the large M_t, as it is demonstrated in the fig. 5 (see the dashed curves). On the other hand, now we obtain also s^e_{23} ≈ √ (2m_μ/m_τ ), i.e. θ^e_{23} = 23^∘, and thus the value of θ^{l(+)}_{23} = θ^e_{23} + θ^ν_{23} can fit well into the range (1.12) required by AN oscillation.

In the above we have assumed that k = k^′, where k and k^′ are the SU(5) breaking Clebsches defined as in eq. (2.7). However, in general these Clebsch factors have no reason to be the same. Nevertheless, for the dominant contributions θ^d_{23} and θ^e_{23} to the 23 quark and leptonic mixing angles (3.3) and (3.4) it emerges the “seesaw” like product rule:

tan θ^d_{23} tan θ^e_{23} ≃ ( k k^′ )_{1/2} ( m_μm_s m_τ m_b )_{1/2} . (3.5)

Barring unusual conspiracies, one can expect both k and k^′ to be ≤ 1 and then, bearing also in mind that kk^′ ≃ (Y_s/Y_μ) ∼ 1/3 − 1/4, the factor (k/k^′)^{1/2} appears to be ∼ 1. Even in rather extreme case k = 1/3 and k^′ = 1, this factor is about 0.6.

At this point some natural questions emerge, concerning the reasons for fermion Yukawa constants to have such Fritzsch-like textures, and the motivations underlying our assumptions. However, it is already known in the literature that such textures can naturally occur due to a horizontal symmetry (e.g. [19, 17]). Some very predictive schemes, based on the concept of the horizontal U(3)_H symmetry [32], and fully demonstrating the features discussed here, will be presented elsewhere. Here we confine ourselves to the discussion of theories with a simpler field content based on the horizontal U(2)_H symmetry [33, 34].^{15}

Indeed, consider a theory based on the SU(5) × U(2)_H symmetry where U(2)_H = SU(2)_H × U(1)_H stands for a horizontal symmetry unifying the first two families in a doublet: ¯5_α = (¯5, 2), 10_α = (10, 2), α = 1, 2, with an U(1)_H hypercharge H = −1, while the third family (¯5_3, 10_3) is a U(2) singlet with H = 0 [34]. The Higgs 5- plets are singlet of U(2)_H , H ∼ (5, 1) and H̄ ∼ (¯5, 1), and the theory contains also some amount of SU(5) singlets S ∼ (1, 1) and adjoints Φ ∼ (24, 1), with VEVs of the order of M ∼ M_G ≃ 10^{16} GeV. For the horizontal symmetry breaking one can introduce the simplest set of the Higgs superfields: a doublet ϕ^α = (1, 2) with H = 1 and a singlet A = (1, 1) with H = 2, having nonzero VEVs ⟨ϕ^α⟩ = V_ϕδ^α_2 and ⟨A⟩ = V_A, smaller than M_G.

The third generation can get masses through the Yukawa couplings H10_310_3 + H̄10_3¯5_3 while the masses of the first two generations emerge from the effective op-

15Applications of the U(2) horizontal symmetry for the neutrino mass and mixing pattern were discussed also in refs. [16], but in a different context.

erators induced by the Frogatt-Nielsen mechanism after integrating out some heavy vector-like states in representations 10 + 10 and ¯5 + 5 [23]. Following ref. [34], the latter can be chosen as the U(2)_H doublets T^α + T̄_α (ten-plets) and F̄^α + F_α (Fiveplets). For the neutrino masses, we add also the SU(5) singlet fermions (right-handed neutrinos) N^α + N̄_α, a = 1, 2, and N + N̄. All these get large (M ∼ M_G) masses from couplings to the fields S and Φ:

(S + Φ)T^αT̄_α + (S + Φ)F̄^αF_α + S(N^αN̄_α + N^2 + NN̄ + N̄^2) . (3.6)

Therefore, the heavy masses in the ten- and five-plets exhibite the SU(5) breaking between various SU(3) × SU(2) × U(1) fragments with different U(1) hypercherges Y – they are respectively M_T (1 + x_T Y ) and M_F (1 + x_F Y ). Then the mass terms of the first two generations emerge by the seesaw mixing with the heavy ones:

H10_αT^α + H̄¯5_αT^α + H̄10_αF̄^α + H¯5_αN^α + H¯5_3N , Aε^{αβ}(T̄_α10_β + F_α¯5_β) + ϕ^α(T̄_α10_3 + F_α¯5_3) + ϕ^αN̄_α(N + N̄) . (3.7)

For example, the effective operator for the neutrino masses appears in a form: HH S ¯5_3¯5_3 + HHϕ^α S^2

¯5_α¯5_3 . (3.8)

Therefore, the mass of the heaviest neutrino ν_3 could naturally emerge in the needed range around m_3 ∼ 4 · 10^{−2} eV (cf. (1.11)). In fact, literally in the context of the effective operator (3.8) this implies ⟨S⟩ ∼ 10^{15} GeV rather than the GUT scale M_G ≃ 10^{16} GeV, but in terms of the renormalizable couplings (3.6) this mismatch can be easily understood e.g. due to some difference of the relevant coupling constants.^{16} Hence, after integrating out the heavy states, we arrive at the following Fritzschlike textures for the the Yukawa couplings:

Y_d =

0 −A_d 0 A_d 0 B^′_d 0 B_d C

, Y_u =

0 −A_u 0 A_u 0 B^′_u 0 B_u C_u

, (3.9)

and Y_e =

0 A_e 0 −A_e 0 B^′_e 0 B_e C

, Y_ν =

0 0 0 0 0 B_ν 0 B_ν C_ν

, (3.10)

with 33 elements C_u and C_ν naturally being ∼ 1, while C should be somewhat smaller

16Notice, that all couplings contained in the theory are trilinear, and thus they are invariant under the continuous R-symmetry with all superfields having R-charge 1 and the superpotential having the R-charge 3. From one side, this forbides the direct mass terms of superfields T , F and N to be of the order of the Planck scale. On the other hand, the superpotential terms of the GUT superfields S and Φ should contain only the trilinear terms S^3 + SΦ^2 + Φ^3. Then the mass parameter giving rise to their VEVs could emerge from the coupling SQQ̄ to the fermions Q, Q̄ of the strongly coupled gauge sector, through the linear term Λ^2S emerging due to the dynamical condensation ⟨Q̄Q⟩ = Λ^2.

unless tan β is very large. Interestingly, when r = M_T /M_F ≪ 1 and x_T ≪ 1, the other Yukawa entries have the following hierarchy: A_d ≈ A_e = A ∼ V_A M_T , A_u ∼ x_T A , B^′_u ≈ B_u ∼ V_ϕ M_T , B^′_d ≈ B_e ∼ V_ϕ M_T , B_ν ∼ V_ϕ/M_N , B_d, B^′_e ∼ V_ϕ M_F ∼ rB_e . (3.11)

Thus, we have k^′ ≈ 1 and b ∼ 1/r, since the asymmetry in the 23 block of Y_{e,d} is due to the mass difference between heavy Ten- and Five-plets. In addition, if x_F ∼ 1, then k = B_d/B^′_e ≠ 1 and in particular it could be chosen around 1/3 − 1/4. The implications of such ansatz for the quark masses and mixing was discussed in great details in ref. [34].

We would like to add the follow-

Figure 6: The lepton mixing angles as functions of b for positive interference between θ^e_{23} (depending on b as in eq. (2.21)) and θ^ν_{23} = arctan( √ m_2/m_3). The solid line corresponds θ^ν_{23} = 12.2^∘ (central values of m_{2,3} in (1.11)), while the marginal possible values 20.8^∘ (dash) and 8.5^∘ (dott) are also shown which account for the uncertainties in (1.11). This plot shows how small the parameter sin^2 2θ^l_{12} could become for relevant values of sin^2 2θ^l_{23}.

ing remark. As was already said, now one can naturally achieve the large 23 mixing in the lepton sector even in the case of smaller asymmetry in Y_e, already starting from b ∼ 1, since now besides the (b-dependent) charged lepton angle θ^e_{23} it is contributed also by the neutrino angle θ^ν_{23} from the matrix Y_ν (tan θ^ν_{23} = √ m_2/m_3). In addition, in this model we have A_ν = 0, since there can be no antisymmetric entry for the neutrino Majorana masses. Hence, the eigenstate ν_1 remains massless, m_1 = 0, and therefore the 12 mixing angle in leptonic sector can be predicted.

In particular, now we have |V_{e2}| = s^l_{12} ≈ s^e_{12}c^l_{23}, and assuming the positive interference in eq. (3.4), we find that θ^l_{23} falls in the range needed for AN oscillation, θ^l_{23} = (33 − 57)^∘, already for moderate values of b for which c^e_{23} ≈ 1 and so s^e_{12} ≈ √ m_e/m_μ. This implies that for the angle θ^l_{23} in the range needed for the AN oscillation (i.e. c^l_{23} =0.83−0.55), the angle θ^l_{12} is entirely contained in the range required by SN: sin^2 2θ^l_{12} ≈4(m_e/m_μ)(c^l_{23})^2 = (1.4 − 0.6) × 10^{−2}, and moreover it can approach also the best MSW fit value of sin^2 2θ_{sol} [4]. The b-dependence of the lepton mixing pattern for the interval θ^ν_{23} = (12.2^{+8.6}_{−3.7})^∘ which accounts for the uncertainties in the neutrino masses (1.11) is shown in fig. 6.

4. Discussion and outlook

We have argued that the neutrino mixing pattern required by the solutions of the AN and SN anomalies can be obtained in a rather natural way in the context of the SU(5) grand unification, assuming that contributions to the leptonic mixing angles emerge completely or domininantly from the charged-lepton mass matrices which have Fritzsch-like textures with strongly asymmetric 23 block and nearly symmetric 12 block. In this case, as far as Y_d ∼ Y^T_e modulo SU(5) symmetry breaking Clebsch factors, the large value of the 23 leptonic mixing angle can be nicely linked to the small value of the 23 mixing angle in the quark sector. Namely, for the dominant contributions to the quark and lepton angles of 23 mixing it emerges the “seesaw” balance rule (1.15). And vice versa, the small 12 leptonic mixing can have a natural link to the significant 12 mixing in quarks, expressed as in eq. (1.16).

One has to remark, however, that besides the AN and SN anomalies, there is another, though rather controversial, indication for the neutrino oscillations: the LSND anomaly [35]. Namely, the data collected by the LSND collaboration indicate neutrino oscillations in both the ν̄_μ − ν̄_e and ν_μ − ν_e channels. Although these are almost in conflict with the data of the KARMEN experiment [36], which excludes the bulk of the relevant parameter region, the following range is still allowed: δm^2_{eμ} = (0.2 − 0.6) eV^2 , sin^2 2θ_{eμ} = (0.4 − 4) · 10^{−2}.

If the LSND anomaly is indeed confirmed in future experiments, then three standard neutrinos ν_e, ν_μ and ν_τ will not suffice for reconciling AN and SN solutions with the parameter range required by the LSND. Since the existence of the fourth active neutrino is excluded by the LEP measurements of the invisible decay width of Z-boson, one has to introduce an extra light sterile neutrino ν_s [37]. Then several exotic textures [38] can be considered for accomodating all the data and one has also to think of the physical reasons for the existence of the light sterile neutrinos. For some older and recent works on these directions see e.g. ref. [39].

Acknowledgments

We would like to thank Alexei Smirnov and Francesco Vissani for useful discussions, and Andrea Brignole for valid observations. Z.B. thanks the high energy theory groups of the ICTP and SISSA for the hospitality in Trieste during the period when this work has been done.

Note added at replacement: a week after our paper has been submitted to the hep-ph E-print Archive, there appeared also a work by K. Hagiwara and N. Okamura (hep-ph/9811495) with similar considerations.

A. Diagonalization of the Yukawa matrices

Consider the Yukawa couplings of any type of fermions f^c_i Y^{ij}f_jϕ, f = u, d, e, with the matrix Y having the Fritzsch-like form with generically complex elements:

Y = 0 A^′e^{iα′} 0 Ae^{iα} 0 B^′e^{iβ′} 0 Be^{iβ} C (A.1)

obeying the hierarchy C > B, B^′ > A, A^′ (without loss of generality, the 33 element can be taken real). It can be brought to the diagonal form by bi-unitary transformation:

U^{′T} YU = Y_D =

Y_1 0 0 0 Y_2 0 0 0 Y_3

, (A.2)

where Y_3 ≫ Y_2 ≫ Y_1 are the Yukawa eigenvalues for the physical fermions of three families. The unitary matrices can be parametrized as U = P O and U^′ = P^′O^′, where the phase transformations

P^′ = e^{i(π−α′+β)} 0 0 0 e^{−iβ′} 0 0 0 1 , P = e^{i(π−α+β′)} 0 0 0 e^{−iβ} 0 0 0 1

, (A.3)

bring Y to the real form

P^′YP = Ỹ =

0 −A^′ 0 −A 0 B^′ 0 B C , (A.4)

which further can be diagonalized by the bi-orthogonal transformation O^{′T} ỸO, with the matrix O rotating the left states f parametrized as

O = O_{23}O_{13}O_{12} ≡

1 0 0 0 c_{23} s_{23} 0 −s_{23} c_{23} c_{13} 0 −s_{13} 0 1 0 s_{13} 0 c_{13} c_{12} s_{12} 0 −s_{12} c_{12} 0 0 0 1

, (A.5)

and analogously O^′ = O^′_{23}O^′_{13}O^′_{12} for the right states f^c. Notice, that (A.5) gives the matrix O immediately in the standard parametrization (1.5) with δ = π.

Let us compute now these rotation angles, using the fact that O^T Ỹ^T ỸO = O^{′T} ỸỸ^T O^′ = Y^2_D. For the sake of accuracy, below we maintain the corrections of the order ε ∼ Y_1/Y_2, Y_2/Y_3, but neglect the O(ε^2) ones (∼ Y_1/Y_3, (Y_2/Y_3)^2 etc.). As for the elements in (A.4), in first approximation we estimate that

C ∼ Y_3 , BB^′ ∼ Y_2Y_3 , AA^′ ∼ Y_1Y_2 , (A.6) so that C^2 : BB^′ : AA^′ ∼ 1 : ε : ε^3. We assume that B and B^′ can be substantially different, i.e. the asymmetry parameter b = B/B^′ can be large. In particular, B can be ∼ C, in which case B^′ ∼ εC and thus b ∼ 1/ε. As for A and A^′, we assume that they have no big asymmetry, and thus A ∼ A^′ ∼ ε^{3/2}C.

We start with the 23 rotation to diagonalize the lower 23 block of Ỹ:

O^{′T}_{23}Y^{(0)}O_{23} = Y^{(1)} =

0 −c_{23}A^′ −s_{23}A^′ −c^′_{23}A −y_2 0 −s^′_{23}A 0 y_3

. (A.7)

Then we have BB^′ = 1 b B^2 = y_2y_3 ,

C^2 = y^2_3 + y^2 − (B^2 + B^{′2}) = y^2_3 [ 1 − (b + b^{−1}) y_2 y_3 + y^2 y^2_3 ] , (A.8)

where b = B/B^′, and for the left (f) and right (f^′) rotation angles we get respectively:

tan 2θ_{23} = 2BC C^2 − B^2 + B^{′2} = 2 √ by_2 y_3 [ 1 − (b + b^{−1})^{y2}_{y3} ]_{1/2} 1 − 2b^{y2}_{y3} ,

tan 2θ^′_{23} = 2B^′C C^2 + B^2 − B^{′2} = 2 √ y_2 by_3 [ 1 − (b + b^{−1})^{y2}_{y3} ]_{1/2} 1 − 2b^{−1 y2}_{y3}

. (A.9)

Thus, the expressions for θ_{23} and θ^′_{23} are obtained from each other by changing b → b^{−1}. The diagonal elements y_{2,3}, up to small corrections detected below, coincide with the Yukawa eigenvalues Y_{2,3} in (A.2), y_{2,3} ≃ Y_{2,3}. Therefore, with increasing b from 1 to ∼ ε^{−1}, s_{23} increases from √ ε to 1, while at the same s^′_{23} decreases from √ ε to √ ε/b ∼ ε, so that we always have s_{23}s^′_{23} ∼ ε.

As a next step, we rotate out the 13 block of Y^{(1)}:

O^{′T}_{13}Y^{(1)}O_{13} = Y^{(2)} =

−Δy_1 −c^′_{13}c_{23}A^′ 0 −c_{13}c^′_{23}A −y_2 s_{13}c^′_{23}A

0 s^′_{13}c_{23}A^′ y_3 + Δy_3

, (A.10)

where the angles θ_{13} and θ^′_{13} are small:

s_{13} = s^′_{23} A y_3

, s^′_{13} = s_{23} A^′ y_3

(A.11)

so that s_{13}s^′_{13} ∼ ε^4, and

Δy_1 = s_{23}s^′_{23} AA^′ y_3

∼ ε^2Y_1 , Δy_3 = 1 2y_3

(s^2_3A^{′2} + s^{′2}_{23}A^2) < ε^3Y_3 . (A.12)

Therefore, with a great precision, c_{13} = c^′_{13} = 1, and Δy_{1,3} are negligible.

Finally, we bring the 12 block of Y^{(2)} to the diagonal form, which step practically accomplishes the diagonalization procedure, since Y^{(3)} = Diag(1, −1, 1) × Y_D with a very good precission:

O^{′T}_{12}Y^{(2)}O_{12} = Y^{(3)} = y_1 0 s_{12}s_{13}c^′_{23}A 0 −y_2 + Δy_2 c_{12}s_{13}c^′_{23}A s^′_{12}s^′_{13}c_{23}A^′ c^′_{12}s^′_{13}c_{23}A^′ y_3 ≈ Y_1 0 0 0 −Y_2 0 0 0 Y_3 . (A.13) Therefore, up to corrections O(ε^2), we have y_3 = Y_3, y_2 − Δy_2 = Y_2 and y_1 = Y_1. The next series of subsequent rotations would bring at most O(ε^2) corrections to the mixing angles and Yukawa eigenvalues. Furthemore, we obtain the following relations:

c_{23}c^′_{23}AA^′ = 1 a (c^′_{23}A)^2 = Y_1Y_2 ,

y^2 = Y^2_2 + Y^2_1 − (c^2_3A^{′2} + c^{′2}_{23}A^2) = Y^2_2 [ 1 − (a + a^{−1})

Y_1 Y_2 + Y^2_1 Y^2_2 ] ,(A.14)

where a = (Ac^′_{23}/A^′c_{23}). Now Y_2 and Y_1 practically coincide with the light generation of the Yukawa constants: e.g. Y_{1,2} = Y_{e,μ} for the charged leptons. Thus we have

y_2 = Y_2 − 1 2 (a + a^{−1})Y_1 = Y_2 − Y_1 [ 1 + 1 2 (1 − a)^2 + · · · ] , (A.15)

since for a ≈ 1, we have a + a^{−1} = 2 + (a − 1)^2 + · · ·, and hence y_2 ≈ Y_2 − Y_1. In conclusion th expressions for the mixing angles are the following:

tan 2θ_{23} = 2 √ b √ Y_2 − Y_1 Y_3 [ 1 − (b + b^{−1})^{Y2−Y1}_{Y3} ]_{1/2} 1 − 2b^{Y2−Y1}_{Y3} ,

tan 2θ_{12} = 2 √ a √ Y_1 Y_2 [ 1 − (a + a^{−1})^{Y1}_{Y2} ]_{1/2} 1 − 2a^{Y1}_{Y2} , sin θ_{13} = s^′_{23} A Y_3 = √ a s^′_{23} c^′_{23} √ Y_1Y_2 Y_3

, (A.16)

while the expressions for θ^′_{23}, θ^′_{12} and θ^′_{13} are obtained from the above ones by changing b → 1/b, a → 1/a and s^′_{23} → s_{23} (c^′_{23} → c_{23}).

References

[1] SuperKamiokande Collaboration, Y. Fukuda et al., Phys. Rev. Lett. 81 (1998) 1562 [hep-ex/9807003].

[2] See e.g. A. Smirnov, Towards the solution of the solar neutrino problem, talk at the Neutrino’98 Conf., hep-ph/9809481 and references therein.

[3] S.P. Mikheyev and A.Yu. Smirnov, Yad. Fiz. 42 (1985) 1441;

L. Wolfenstein, Phys. Rev. D 17 (1978) 2369.

[4] J. Bahcall, P. Krastev and A. Smirnov, Phys. Rev. D 58 (1998) 096016 [hep-ph/9807216].

[5] V. Gribov and B. Pontecorvo, Phys. Lett. 28 (1967) 493;

V. Barger, R. Phillips and S. Whisnant, Phys. Rev. D 24 (1981) 538.

[6] L. Maiani, in Proc. of the Int. Symposium on Lepton and Photon Interactions at High Energies, Hamburg, 1977, p. 877.

[7] S. Weinberg, Phys. Rev. Lett. 43 (1979) 1566;

R. Barbieri, J. Ellis and M.K. Gaillard, Phys. Lett. B 90 (1980) 249; E. Akhmedov, Z. Berezhiani and G. Senjanović, Phys. Rev. Lett. 69 (1992) 3013 [hep-ph/9205230].

[8] Particle Data Group, Eur. Phys. J. C 3 (1998) 1.

[9] CHOOZ Collaboration, M. Apolonio et al., Phys. Lett. B 420 (1998) 397 [hep-ex/9711002].

[10] M. Gonzalez-Garcia, H. Nunokawa, O. Peres and J. Valle, Nucl. Phys. B 543 (1999) 3 [hep-ph/9807305];

V. Barger, T. Weiler and K. Whisnant, Phys. Lett. B 440 (1998) 1 [hep-ph/9807319]; G.L. Fogli, E. Lisi, A. Marone and G. Scioscia, Phys. Rev. D 59 (1999) 033001 [hep-ph/9808205];

S. Bilenky, C. Giunti and W. Grimus, On the neutrino mass spectrum and neutrino mixing from oscillation data, hep-ph/9809368.

[11] For a coherent analysis of the neutrino mixing pattern dictated by the AN and SN data see:

R. Barbieri, L. Hall, D. Smith, A. Strumia and N. Weiner, J. High Energy Phys. 12 (1998) 017 [hep-ph/9807235], and references therein.

[12] Z.G. Berezhiani and A. Rossi, Phys. Lett. B 367 (1996) 219 [hep-ph/9507393];

G. Costa and E. Lunghi, Nuovo Cim. A110 (1997) 549 [hep-ph/9709271]; M. Drees, S. Pakvasa, X. Tata, T. ter Veldhuis, Phys. Rev. D 57 (1998) 5335 [hep-ph/9712392];

B. Mukhopadhya, S. Roy and F. Vissani, Phys. Lett. B 443 (1998) 191 [hep-ph/9808265];

M. Tanimoto, Phys. Rev. D 59 (1999) 017304 [hep-ph/9807283]; Large neutrino flavour mixings and lepton mass matrices, hep-ph/9807517; H. Fritzsch and Z. Xing, Phys. Lett. B 440 (1998) 313 [hep-ph/9808272]; Y. Grossman, Y. Nir and Y. Shadmi, J. High Energy Phys. 10 (1998) 007 [hep-ph/9808355];

F. Vissani, J. High Energy Phys. 11 (1998) 025 [hep-ph/9810435].

[13] R. Barbieri, L. Hall and A. Strumia, Phys. Lett. B 445 (1999) 407 [hep-ph/9808333];

G. Altarelli and F. Feruglio, Phys. Lett. B 439 (1998) 112 [hep-ph/9807353]; J. High Energy Phys. 11 (1998) 021 [hep-ph/9809596].

[14] K.S. Babu and S. Barr, Phys. Lett. B 381 (1996) 202 [hep-ph/9511446];

Z. Berezhiani, Z. Tavartkiladze, Phys. Lett. B 396 (1997) 150 [hep-ph/9611277].

[15] Z. Berezhiani, Z. Tavartkiladze, Phys. Lett. B 409 (1997) 220 [hep-ph/9612232];

C. Albright and S. Barr, Phys. Rev. D 58 (1998) 013002 [hep-ph/9712488]; C. Albright, K.S. Babu and S. Barr, Phys. Rev. Lett. 81 (1998) 1167 [hep-ph/9802314].

[16] C.D. Carone and L.J. Hall, Phys. Rev. D 56 (1997) 4198 [hep-ph/9702430];

M. Tanimoto, Phys. Rev. D 57 (1998) 1983 [hep-ph/9706497]; L.J. Hall and N. Weiner, U(2) and maximal mixing of ν_μ, hep-ph/9811299.

[17] Z. Berezhiani, Fermion masses and mixing in SUSY GUT, Proc. 1995 Summer School in High Energy Physics and Cosmology’, eds. E. Gava et al., The ICTP Series in Theoretical Physics – vol. 12, World Scientific, Singapore, p. 618, hep-ph/9602325.

[18] H. Fritzsch, Nucl. Phys. B 155 (1979) 189.

[19] Z. Berezhiani, Phys. Lett. B 150 (1985) 177;

Z. Berezhiani and M. Khlopov, Yad. Fiz. 51 (1990) 1157, Sov. J. Nucl. Phys. 51 (1990) 739.

[20] G. Branco, L. Lavoura and F. Mota, Phys. Rev. D 39 (1989) 3443.

[21] K. Kang, J. Flanz and E. Paschos, Z. Physik C 55 (1992) 75.

[22] G. Branco and J. Silva-Marcos, Phys. Lett. B 331 (1994) 390;

see also T. Ito, N. Okamura and M. Tanimoto, Phys. Rev. D 58 (1998) 077301.

[23] C.D. Frogatt and H.B. Nielsen, Nucl. Phys. B 147 (1979) 277;

Z. Berezhiani, Phys. Lett. B 129 (1983) 99; Phys. Lett. B 150 (1985) 177; S. Dimopoulos, Phys. Lett. B 129 (1983) 417.

[24] V. Barger, M. S. Berger and P. Ohmann, Phys. Rev. D 47 (1993) 2038 [hep-ph/9210260].

[25] P. Chankowski and Z. Pluciennik, Phys. Lett. B 316 (1993) 312 [hep-ph/9306333];

K.S. Babu, C.N. Leung and J. Pantaleone, Phys. Lett. B 319 (1993) 191 [hep-ph/9309223];

A. Brignole, H. Murayama and R. Rattazzi, Phys. Lett. B 335 (1994) 345 [hep-ph/9406397];

A. Smirnov and F. Vissani, Phys. Lett. B 341 (1994) 173 [hep-ph/9405399].

[26] P. Krastev and A. Smirnov, Phys. Lett. B 338 (1994) 282 [hep-ph/9406372];

V. Berezinsky, G. Fiorentini and M. Lissia, Phys. Lett. B 341 (1994) 38 [hep-ph/9408304].

[27] B. Autin et al., The Neutrino Group of the Prospective Study on μ^+μ^− Colliders, preprint CERN-SPSC/98-30, October 1998;

see also A. de Rujula, M. Gavela and P. Hernandez, Neutrino ascillation physics whith a neutrino factory, hep-ph/9811390.

[28] Z. Berezhiani, Phys. Lett. B 417 (1998) 287 [hep-ph/9609342]; Nucl. Phys. 52A (Proc. Suppl.) (1997) 153, Proc. Fourth Int. Conference SUSY ’96, eds. R.N. Mohapatra and A. Rasin, North-Holland, [hep-ph/9607363]; Z. Berezhiani and A. Rossi, in preparation.

[29] R. Barbieri, A. Strumia and Z. Berezhiani, Phys. Lett. B 407 (1997) 250 [hep-ph/9704275];

G. Giudice and R. Rattazzi, Phys. Lett. B 406 (1997) 321 [hep-ph/9704339].

[30] B. Stech, Phys. Lett. B 130 (1983) 189;

Z. Berezhiani and J. Chkareuli, JETP Lett. 35 (1982) 612; Yad. Fiz. 37 (1983) 1043.

[31] J.C. Pati, Implications of the Superkamiokande result on the nature of the new physics, talk at the SUSY’98 Conf., Oxford, July 1998, hep-ph/9807315.

[32] J. Chkareuli, JETP Lett. 32 (1980) 684.

[33] A. Pomarol and D. Tommasini, Nucl. Phys. B 466 (1996) 3 [hep-ph/9507462];

R. Barbieri, G. Dvali and L. Hall, Phys. Lett. B 377 (1996) 76 [hep-ph/9512388].

[34] R. Barbieri and L. Hall, Nuovo Cim. 110A (1996) 1 [hep-ph/9605224].

[35] C. Athanassopoulos et al., Phys. Rev. Lett. 75 (1995) 2650, erratum ibid. (1998) 1774; Phys. Rev. C 54 (1996) 2685 [nucl-ex/9504002]; Phys. Rev. Lett. 81 (1998) 1774 [nucl-ex/9709006].

[36] KARMEN Collaboration, The search for neutrino ascillations νμ̄ → νē with KAR- MEN, hep-ex/9809007.

[37] D.O. Caldwell and R.N. Mohapatra, Phys. Rev. D 48 (1993) 3259;

J. Peltoniemi and J.W.F. Valle, Nucl. Phys. B 406 (1993) 409 [hep-ph/9302316]; S. Bilenki, C. Giunti and W. Grimus, Eur. Phys. J. C 1 (1998) 247 [hep-ph/9607372].

[38] A.Yu. Smirnov and J.W.F. Valle, Nucl. Phys. B 375 (1992) 649;

E. Akhmedov, Z. Berezhiani, G. Senjanović, Z. Tao, Phys. Rev. D 47 (1993) 3245 [hep-ph/9208230];

J. Peltoniemi, D. Tommasini and J.W.F. Valle, Phys. Lett. B 298 (1993) 383.

[39] E. Akhmedov et al., ref. [7];

E.J. Chun, A. Joshipura and A. Smirnov, Phys. Lett. B 357 (1995) 608 [hep-ph/9505275]; Phys. Rev. D 54 (1996) 4654 [hep-ph/9507371]; R. Foot and R. Volkas, Phys. Rev. D 52 (1995) 6595 [hep-ph/9505359]; Z. Berezhiani and R.N. Mohapatra, Phys. Rev. D 52 (1995) 6607 [hep-ph/9505385]; Z. Berezhiani, A. Dolgov and R.N. Mohapatra, Phys. Lett. B 375 (1996) 26 [hep-ph/9511221];

Z. Berezhiani, Acta Phys. Polon. B27 (1996) 1503 [hep-ph/9602326]; E. Ma, Phys. Lett. B 380 (1996) 286 [hep-ph/9507348];

K. Benakli and A. Smirnov, Phys. Rev. Lett. 79 (1997) 4314 [hep-ph/9703465]; A. Joshipura and A. Smirnov, Phys. Lett. B 439 (1998) 103 [hep-ph/9806376]; G. Dvali and Y. Nir, J. High Energy Phys. 10 (1998) 014 [hep-ph/9810257].